High-Frequency Gravitational Waves from Spinning Non-Abelian Cosmic Strings by Slagter, R J
High-Frequency Gravitational Waves from Spinning Non-Abelian
Cosmic Strings
Reinoud Jan Slagter 
University of Amsterdam, The Netherlands
SARA, Stichting Academisch Rekencentrum Amsterdam
and
ASFYON, Astronomisch Fysisch Onderzoek Nederland,y
(January 7, 2000)
Abstract
We investigated the SU(2) Einstein-Yang-Mills system on a time-dependent
cylindrical symmetric space time. The stability of the resulting non-abelian
spinning string is analyzed using the multiple-scale method. To rst order
a consistent set of equations is obtained. From the numerical investigation,
wave-like solutions are found under reasonable initial conditions, consistent
with the familiar string-like features. However, a throughout analysis is nec-
essary whether or not the solution is topological stable
I. INTRODUCTION
The discovery of the non-abelian particle-like and non-Reissner-Nordstro¨m (hairy) black
hole solutions of the SU(2) Einstein-Yang-Mills (EYM) theory, rst studied by Bartnik
and McKinnon (BMK) [1], initiated a throughout instability investigation by several au-
thors [2{5]. It turns out that under spherically symmetric perturbations the BM solution is
unstable. The nth BMK solution has in fact 2n unstable modes, comparable with the flat
spacetime "sphaleron" solution. In the static case, it was recently conjectured [6] that there
are hairy black holes in the SU(N) EYM-theories with topological instabilities. In order
to analyze the stability of the solutions, one usually linearizes the eld equations, or one
expands the eld variables in a physically unclear small parameter [2,4]. We conjecture that
the conventional linear analysis is in fact inadequate to be applied to the situation where
a singularity is formed [7]. One better can apply the so-called multiple-scale or two-timing
method, developed by Choquet-Bruhat [8{10]. This method is particularly useful for con-
structing uniformly valid approximations to solutions of perturbation problems [11]. One
of the advantages is that one can keep track of the dierent orders of approximations. The
Electronic Address: rjslagt@freeler.nl or rslagt@sara.nl
yInternet: www.gironet.nl/home/rjslagt/index.html/asfyon.htm
1
method originates from the Wentzel-Kramers-Brillouin(WKB)-method in order to construct
approximate solutions of the non-linear Schro¨dinger equation. It can also be applied when
there arise secular terms, as in the Mathieu equation d
2y
dt2
+(a+2 cos t)y = 0. Quite recently
it was found that the method can be successful for gravity with Gauss-Bonnet terms.
There is another application, namely the threshold of black hole formation of the chop-
tuon [12{15]. Numerically it is found that there is a critical parameter whose value separates
solutions containing black holes from those which do not. For a critical value one observes
self-similarity: it produces itself (echoes) on progressively ner scales (Choptuik scaling). It
is evident that the collapsing ball of eld energy will produce gravitational waves, which will
be coupled to the YM-eld perturbations. Due to the accumulation of echoes, the curvature
diverges. The multiple-scale method is suitable for handling this critical situation.
Further, these solutions need not be spherically symmetric. Since the pioneering work of
Stachel [16], we know that stationary cylindrical symmetric rotating models possess intrigu-
ing features. First, the evolution of the ’classical’ cylindrical gravitational wave-solution in
the vacuum situation can be described in terms of two eects: the usual cylindrical reflec-
tions and a rotation of the polarization vector of the waves, an eect comparable with the
Faraday rotation [17]. Secondly, the time-dependent solutions can be related to the cosmic-
string solution interacting with gravitational waves [18]. Usually, the cosmic string solution,
with its famous conical structure ,is found in the U(1)-gauge Einstein-Higgs system and is
formed during phase transitions in the early universe. It is remarkable that the cylindrical
rotating vacuum solution possesses the same conical structure. Moreover, it is asymptoti-
cally flat and free of singularities. The physical interpretation can nicely formulated using
the Belinsky-Zakharov method of integrating the Einstein equations with the help of the
Ernst potentials [19]. Using the C-energy description, one can conclude the solution rep-
resents solitonic gravitational waves interacting with a straight-line cosmic string, where
the asymptotic angle decit depends on the C-energy of the gravitational waves. When a
Maxwell eld is incorporated, the physical interpretation of the solutions is not easily for-
mulated. It is hard to believe that in the electrovac solution the electro-magnetic waves do
not contribute to the angle decit [20]. Moreover, the mass per unit length of the cosmic
string, which is a constant in the Xanthopoulos solution, will be determined by the energy-
momentum tensor of the non-vacuum situation. In stead of ’electrifying’ or ’magnetifying’
the vacuum solutions via the Ernst formulation, we prefer to consider the coupled system
of Einstein equations and matter eld equations.
Here we consider the Einstein Yang-Mills system on a cylindrical symmetric rotating
space-time and use the (2+1)+1 reduction scheme [21] in order to obtain the suitable pa-
rameterization for the Yang-Mills potential. In fact one replaces the YM eld by a 2D
abelian one-form, a 2D Kaluza-Klein two-form, a 2D matix-valued scalar and a 3D Higgs
eld [22].
In the abelian counterpart model it is known that the space-time around (spinning)
gauge strings could have, besides the usual angle decit feature, exotic properties, such as
the violation of causality [23,24], time-delay eects [25], helical structure of time [26{28] and
frame-dragging [29].
This is not the complete story: the investigations can be extended to the model where the
interior solution is properly matched in the exterior solution of the string [30]. It is interesting
to investigate if the features mentioned above will be maintained in EYM-system.
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The plan of this paper is as follows. In Sec. II we derive the eld equation on a cylindrical
symmetric space time. In Sec. III we outline the multiple-scale method and in Sec. IV we
apply the method to the system under consideration. In Sec. V we present the numerical
results and in Sec. VI we summarize and analyze our results.
II. THE FIELD EQUATIONS OF THE EINSTEIN YANG-MILLS SYSTEM












with the YM eld strength
Faµν = ∂µAaν − ∂νAaµ + gabcAbµAcν , (2.2)
g the gauge coupling constant, G Newton’s constant, Aaµ the gauge potential, and R the
curvature scalar. The eld equations then become
Gµν = −8piGTµν , (2.3)
DµFµνa = 0, (2.4)
with T the energy-momentum tensor




and D the gauge-covariant derivative,
DαFaµν  rαFaµν + gabcAbαF cµν . (2.6)
Let us consider the cylindrical space time




where Ω, f and ω are functions of t and r. The problem is, which ansatz one needs for the
YM eld. It is often argued that Einsteins gravity on a three dimensional space time shows
some similarity with Chern Simons theory with the Poincare group being the underlying
gauge group. So when trying to nd the dimensional reduction for the stationary axially
symmetric EYM system, one can be guided by the results found by using the (2+1)+1
reduction scheme suggested by Maeda, Sasaki, Nakamura and Miyama [21], and later worked
out by Gal’tsov [22]. One writes in a simplied version
Aµdx
µ = aadx
a + (dz + ωdϕ) + Ψdϕ. (2.8)
Here a is the dynamical part of the YM eld, parameterized by a 2D complex abelian one-
form,  a 3D Higgs eld and Ψ a matrix-valued scalar. The YM-part of the Lagrangian
can then be written as
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DaΨ = ∂aΨ + [aa,Ψ], (2.10)
fab the 2D eld strength
fab = ∂aab − ∂baa + [aa, ab], (2.11)
and a prime denoting the partial derivative with respect to ϕ.
Let us consider the following parameterization
a1 = A2(t, r)τϕ, a2 = A1(t, r)τϕ, Ψ = W1(t, r)τr + (W2(t, r)− 1)τz,
 = 1(t, r)τr + 2(t, r)τz, (2.12)
with τi the usual set of orthonormal vectors. From the condition Ttt − Trr = 0, we obtain







From the Einstein equations and the YM equations we obtain the set of partial dierential
equations for Ω, f, ω, 1, 2 and W1. It follows from a combination of the YM equations,












For the gauge ∂tA2 = ∂rA1 and hence ∂
2
t Ai − ∂2r Ai = 0, we obtain the equations (for the
special case 2 = 0)
























∂rf = 0, (2.15





















f 2(1∂tω + ∂tW1)















1(∂t1∂tω − ∂r1∂rω) + ∂t1∂tW1 − ∂r1∂rW1
]
, (2.17)


















(∂r1∂rf − ∂t1∂tf) = 0, (2.18)













1(∂t1∂tω − ∂r1∂rω) + ∂t1∂tW1 − ∂r1∂rW1
]
. (2.19)
Before we proceed with the numerical investigation of this system of equations , we study
the equations in the multiple-scale approximation.
III. THE EYM EQUATIONS IN THE MULTIPLE SCALE FORMULATION
Let us consider a manifold M with two dierent scales, i.e., a mapping from MR
into the space of metrics on M:
(x, ξ) =) g(x, ξ), x 2M, ξ 2 R. (3.1)
We set ξ  ω(x), with  a phase function on M of dimension of length and ω a large
parameter of dimension (length)−1.























σ; ξ) + ..., (3.3)
where ξ  ω(xσ) and  a phase function. The parameter ω measures the ratio of the fast
scale to the slow one. The rapid variation only occur in the direction of the vector lσ  ∂∂xσ .
For a function Ψ(xσ; ξ) one has
∂Ψ
∂xσ
= ∂σΨ + ωlσ _Ψ, (3.4)
where ∂σΨ  ∂Ψ∂xσ jξfixed and _Ψ  ∂Ψ∂ξ jxσfixed. We consider here the case where the magnitude
of the perturbation hµν of the metric with respect to the background gµν is of order ω
−1 (for
dierent possibilities, such as for example with the leading term in the metric expansion of
order ω−2, see Taub [10]). Further, we will consider here the hypersurfaces (xσ) = cst as
wave fronts for the background metric g, so (Eikonal equation)
lαlβg
αβ = 0. (3.5)
Substituting the expansions of the eld variables into the equations and collecting terms
of equal orders of ω, one obtains propagation equations for _Baµ, C¨
a
µ,
_hµν and k¨µν and ’back-
reaction’ equations for gµν and A
a
µ. It will be clear from the propagation equation that there
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will be a coupling between the high-frequency gravitational eld and the high-frequency
behavior of Aaµ when the singularity will be approached.
First we substitute the expansions Eq. (3.2) and (3.3) into the YM-equation Eq. (2.4).








For the order ω0-equation we obtain
gµα
[
rα Faµν + λαµ Faνλ −λαν Faµλ + _Baν
(




























F cµν + lµ _Bcν − lν _Bcµ)
)]
−hµαlα(lµB¨aν − lνB¨aµ) = 0, (3.7)
with λµν  12gσλ(lµ _hνσ − lν _hµσ − lσ _hµν).
Substituting the expansions into the Einstein equations Eq. (2.3), we obtain for the
order ω equation
R(−1)µν = lν _
σ
µσ − lσ _σµν = 0. (3.8)










σαgτβ( Faαβ + lα _Baβ − lβ _Baα)( Faστ + lσ _Baτ − lτ _Baσ)
}
, (3.9)
with Rµν the background Ricci tensor and R
(0)
µν an expression in k¨, hh¨,
_h2 and _h (see Choquet-
Bruhat [8]). We can simplify the equations considerable. If we use Eq. 5, then Eq. 11
becomes
lµB¨aµ = 0, (3.10)
so for periodic Baµ we have
lµBaµ = 0. (3.11)
Using Eq. 13 and Eq. 15 we obtain from Eq. 12
gµα
[
rα Faµν −λαν Faµλ + _Baν rαlµ − _Baµ rαlν + lµ rα _Baν − lν rα _Baµ + lα( _Baν,µ − _Baµ,ν)
]
+lνlαh
µαB¨aµ − lνlµC¨aµ + gabcgµα
[
Abα
F cµν + 2lα Abµ _Bcν − lν Abα _Bcµ
]
= 0, (3.12)
with r the covariant derivative with respect to the background metric gµν . Integrating this
equation with respect to ξ yields
Dµ Faµν = 0. (3.13)
Substituting back this equation into Eq. 12 we obtain the propagation equation for the
YM-eld
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rµ(lµ _Baν − lν _Baµ) + lµ( rµ _Baν − rν _Baµ)− gµαλαν Faµλ + lαlνhλαB¨aλ
−lν lµC¨aµ + gabcgµα(2lα Abµ _Bcν − lν Abα _Bcµ) = 0. (3.14)
Multiplying this propagation equation Eq. 19 with _Bνa, we obtain the ’conservation’-
equation
rα(lα _Baν _Bνa) = lµ _hλν _Bνa Faµλ − 2gabclµ _Bcν _Bνa Abµ, (3.15)
so _Baν
_Bνa is not conserved, unless the right-hand side is zero. Multiplying Eq. 19 with lν ,
we obtain
lν(lλ _hµν − lµ _hλν) Faµλ = 0. (3.16)
For the choice lνhνµ = 0 and hence from Eq. 13 h = 0, the equations simplify again.
Integrating Eq. 14 with respect to ξ, we obtain












_Bαa _Baαdξ − 8piG Tµν , (3.17)
with τ the period of high-frequency components. In the right-hand side we have the back-
reaction term due to the high-frequency gravitational perturbation, the high-frequency YM-
perturbations and the background energy- momentum term T . Substitution back Eq. 22























α _Bβa − lβ _Bαa)
]
(3.18)
IV. AN APPROXIMATE WAVE SOLUTION TO SECOND ORDER
On the metric Eq. (2.7) we have for the tetrad component: lµ = (−1, 1, 0, 0) and
lµ = 1
Ω2




as it should be. From Eq. (3.6) we obtain Ba0 = −Ba1 , or, in the notation of Eq. (2.12),
A
(1)
1 = −A(1)2 . From Eq. (3.8) we obtain
_h01 = −1
2





Now substituting the expansions Eq.(3.2) and (3.3) into the propagation and back-
reaction equations, we obtain a set of dierential equations to second order in . We took
for simplicity 2 = 0. First of all, we obtain some conditions, in order to make the equations
consistent:
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2 = 0 , ∂ϕ _ω







(1) + Ω∂ϕ _f
(1)) _h03 = 0. (4.3)
Further, for the rst order perturbations we obtain
∂t _A
(1)




1 − A¨(2)2 , (4.4)
∂t _
(1)















(∂t f + ∂r f) +
f 2 _ω(1) 1
r2









(∂tω + ∂r ω), (4.5)
∂t _W
(1)




















(∂t W1 + ∂r W1)− _ω
(1)
2










1 (∂tω + ∂r ω) + _
(1)











(∂t f + ∂r f)−
_f (1)
f







1 + 1 _ω
(1))(∂t 1 + ∂r 1) + 1 _
(1)
1 (∂tω + ∂r ω) + _
(1)











(∂tω + ∂r ω) +
_f (1)
f








































(∂t f − ∂r f)−
f 2 _ω(1)
2r












1 + 1 _ω





(∂t 1 − ∂r 1)








The equations for the background eld variables are given by






(∂r f∂r 1 − ∂t f∂t 1) +
f 2
r2
















(∂t f∂t W1 − ∂r f∂r W1) +
1
f
(∂r f∂r ω − ∂t f∂tω)




1(∂t 1∂tω − ∂r 1∂r ω) + ∂t 1∂t W1 − ∂r 1∂r W1
]
, (4
∂2t ω − ∂2r ω+
1
r
∂r ω − 2f (∂r




























f 2(1∂tω + ∂t W1)
2 − f 2(1∂r ω + ∂r W1)2 + r2
(
(∂r 1)



























































The system is over determined. So we have some constraint-equations, for example
f 2( _ω(1) 1 + _W
(1)
1 )(1(∂tω + ∂r ω) + ∂t W1 + ∂r W1) = −r2 _(1)1 (∂t 1 + ∂r 1). (4.15)
Further, from Eq.(4.9)and Eq.(4.14) we see that a rst order HF gravitational and Yang-
Mills wave emitted from the string, will change the metric background component Ω, just
as in the vacuum situation for pure gravitational waves
V. NUMERICAL SOLUTION AND PRELIMINARY CONCLUSION
In the vacuum situation, the behavior of the cylindrical wave solution is well estab-
lished [31,32]. One can have reflection of incoming into outgoing waves with the same
polarization. Further, there is a non-linear eect describing the interaction between the two
dierent polarization + and  modes. If an outgoing cylindrical wave is linearly polarized,
its polarization vector rotates as it propagates(’Faraday’ rotation). A wave emitted from
the axis of symmetry behaves like a shock front and is given by
f = w(a2 + 1)/(a2 + w2), ω = ra(1− w2)/w(a2 + 1), Ω2f = bpr/pt2 − r2, (5.1)
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with w = (t−pt2 − r2)/r and a and b arbitrary constants. One can generate a two-soliton
solution and it is found that near the axis log(Ω2f), which also describes the ’C-energy’,
does not approach zero. So some matter eld must act as a possible source of the two-soliton
eld. This curious conclusion can also be formulated in context of the cosmic string with
mass unit length m = p/(2p − 2), with p a constant originating from the static solution
f = r2p, Ω = arp
2−p, which on his turn is related to the angle decit of the string. When




(t− β)2 − r2 is emitted log(Ω2f) changes by an amount
−k2, where k depends solely on f(β). So after the pulse, one has a dierent string, which
let Marder [34] to conclude that the mass per unit length has decreased by an amount of
 k2. Because log(Ω2f) is related to the ’C’-energy, this conrms that the waves carry away
energy and are evidently generated by a source on the axis. So a continuous change in the
parameter p may produce suddenly and inexplicable change in physical meaning.
From the Einstein-Maxwell case [18,20] it is known that there exist stable open cosmic
strings coupled with gravity and electromagnetism. When gravitational and electromag-
netic waves are generated,the angle decit is increased asymptotically and near the axis
independent of the coupling of the Maxwell eld to gravity. Further, it was emphasized that
the electromagnetic waves do contribute to the rotation of the spacetime by eecting the
"dragging" of the Killing eld ∂
∂z
. In our EYM case we solved Eq.(2.15)-(2.19) for the initial
values (see gures 1 and 2)
Ω(0, r) = C1r
p2−p, f(0, r) = C2r2p, ω(0, r) = e−r
2
, (0, r) = 1− e−r, W1(0, r) = C3r
r2 + 1
, (5.2)
with Ci some constants. In the case of solution 2, we took a dierent initial W1(0, r), i.e.,
W1(0, r) = −3/(1 + 2e−r2) + 2. We used a 44x47 grid and applied the method of lines with
cubic Hermite polynomials.
In a long-time run, we obtain a wave-like solution with asymptotically a constant angle
decit. In order to deduce, in a more general setting of Eq. (2.8), whether or not the solution
is topological stable, we must solve the perturbations equation to higher order. Further, one




[1] R. Bartnik and J. McKinnon, Phys. Rev. Lett. 61, 141 (1988).
[2] N. Straumann and Z. H. Zhou, Phys. Lett. B 237, 353 (1990)
[3] G. Lavrelashvili and D. Maison, Phys. Lett. 343, 214 (1995).
[4] N.Straumann and Z.H.Zhou, Phys. Lett.B243, 33 (1990).
[5] Z.H.Zhou and N.Straumann, Nucl. Phys. B360, 180 (1991).
[6] N. E. Mavromatos and E. Winstanley, J. Math. Phys. 39, 4849 (1998).
[7] R. J. Slagter, In Proceedings of the International Workshop on Modern Modified Theories
of Gravitation and Cosmology, ed. E. I. Guendelman (Hadronic Press, Palm Harbor,
1998)
[8] Y. Choquet-Bruhat, Commun. Math. Phys. 12, 16 (1969).
[9] Y.Choquet-Bruhat, Gen. Rel. Grav. 8, 561, (1977).
[10] A.H.Taub in General Relativity and Gravitation, ed. A. Held (Plenum press, New York,
1980).
[11] R.J.Slagter, Gen. Rel. Grav. 23, 991, (1991).
[12] M.W.Choptuik, Phys. Rev. Lett. 70, 9, (1993).
[13] M.W.Choptuik, T.Chmaj and P.Bizon, Phys. Rev. Lett 77, 424, (1996).
[14] D.Garnkle, Phys. Rev. D56, R3169, (1997).
[15] P.Bizon, gr-qc/960606
[16] J. Stachel, J. Math. Phys. 7, 1321 (1966)
[17] T. Piran, P. N. Saer and R. F. Stark, Phys. Rev. D32, 3101 (1985)
[18] B. C. Xanthopoulos, Phys. Lett. B178, 163 (1986)
[19] A.Economou and D. Tsoubelis, Phys. Rev. D38, 498 (1988)
[20] B. C. Xanthopoulos, Phys. Rev. D35, 3713 (1987)
[21] K. Maeda, M. Sasaki, T. Nakamura and S. Miyama, Prog. Theor. Phys.63 ,719 (1980)
[22] D. V. Gal’tsov, gr-qc/9808002
[23] B. Jensen and H. H. Soleng, Phys. Rev. D45, 3528 (1992)
[24] H. H. Soleng, Gen. Rel. Grav. 24, 111 (1992)
[25] D. Harari and A. P. Polychronakos, Phys. Rev. D38, 3320 (1988)
[26] S. Deser, R. Jackiw and G. ’t Hooft, Phys. Rev. Lett.68, 267 (1992)
[27] P. S. Letelier, Class. Quantum Grav. 12, 471 (1995)
[28] P. O. Mazur, Phys. Rev. Lett.57, 929 (1986)
[29] W. B. Bonner, Phys. Lett A158, 23 (1991)
[30] R. J. Slagter, Phys. Rev. D54, 4873 (1996)
[31] W. B. Bonner, J. B. Griths and M. A. H. MacCAllum, Gen. Rel. Grav. 26, 687 (1994)
[32] A. Tomimatsu, Gen. Rel. Grav.21, 613 (1989)
[33] R.J.Slagter, Phys. Rev. D 59, 59025009 (1999).
[34] L. Marder, Proc. Roy. Soc. Lond. A408, 209 (1958)
11
FIGURES
FIG. 1. Typical solution of Ω, f, ω,W,, and the angle decit for some initial values and
boudary condition for small r.
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FIG. 2. As gure 1 but with a dierent initial W1
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